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Abstract 

' The recursion operators and symmetries of nonautonomous, (1 + 1) dimensional in- 
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tegrable evolution equations are considered. It has been previously observed that the 
symmetries of the integrable evolution equations obtained through their recursion op- 
erators do not satisfy the symmetry equations. There have been several attempts to 
resolve this problem. It is shown that in the case of time-dependent evolution equa- 
tions or time-dependent recursion operators associativity is lost. Due to this fact such 
^ ' recursion operators need modification. A general formula is given for the missing term 

fT^ , of the recursion operators. Apart from the recursion operators a method is introduced 

' to calculate the correct symmetries. For illustrations several examples of scalar and 

, coupled system of equations are considered. 

o 

1 Introduction 

Time-dependent local and nonlocal symmetries for autonomous and nonautonomous inte- 
. grable equations have been extensively studied in literature |l||- p^ . In a recent paper [Q| 

^ \ by Sanders and Wang it was observed that time-dependent recursion operators associated 

with some integrable (1+1) dimensional evolution equations do not always generate the 
higher order symmetries. They explained this fact by the violation of rule D~^D = 1 
\ where D = D^. In order to overcome this problem, they presented a method for con- 

structing symmetries of a given integrable evolution equation by a corrected recursion 
operator resulting from the (weak) standard one. In this paper we consider the work of [|l|, 
but from a new point of view. In fact, we show that an elegant way of understanding this 
problem is through the action of D^^ on arbitrary functions depending on dependent and 
independent variables and the structure of symmetries of equations. On the other hand 
we investigate the behavior of recursion operator under a simple Lie point transformation 
which links evolution equations. For instance the cylindrical Korteweg-de Vries (cKdV) 
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equation is related to the Korteweg-de Vries (KdV) equation by a simple point transfor- 
mation which allows also a direct construction of symmetries and recursion operators for 
cKdV from those of KdV. The properties of this transformation or the principle of cova- 
riance implies that recursion operators must keep their property of mapping symmetries 
to symmetries. The corresponding Lie point transformation maps symmetries of the KdV 
equation to the correct symmetries of the cKdV equation. On the other hand it maps 
the recursion operator to the weak one. This fact suggests that under this transformation 
D-^ D-^ + h{t), where h{t) is a time-dependent function to be determined. If such an 
integration constant is missed we loose simply the rule of associativity. As a simple exam- 
ple, let Rq = D~^, K'o = D'^, and uq = ai(t) + a2{t)x + a3(t)x^ + a4{t)x^ H . Observe 

that Rq (K'o ((To)) — (i?o K'q) (cto) = —02 / 0. This integration function can be determined 
either by using the definition of the recursion operator or the symmetry equation. In this 
work we use both approaches. 

Most of the nonlinear integrable evolution equations, in (1 + 1) dimensions, admit re- 
cursion operators which map symmetries to symmetries. Let A be the space of symmetries 
of an evolution equation. We assume all symmetries a G A are differentiable. This space 
contains two types of functions. Let Ai be a subset of A containing all functions which 
vanish in the limit when the jet coordinates go to zero and ^0 be a subset of A the ele- 
ments of which do not vanish under such a limit. A recursion operator TZ is an operator 
which maps A into itself IZ : A ^ A. This may be implied by the eigenvalue equation 
TZcT = Ao", where a € A and A is the spectral constant. The recursion operators are in 
general nonlocal operators and the usual characterization of such operators TZ of system 
of evolution equations 

ql = K[x,t,q^, i,i = l,2,...,iV, (1.1) 
where K is a locally defined function of and its x-derivatives, is given by the equation 

nt = [K',n], (1.2) 

where the operator K' is the Frechet derivative of K. A function a is called a symmetry 



of (1.1) if it satisfies the linearized equation 

at = K'a. (1.3) 

The relation among the symmetries is given by 

(Jn+i=TZan, n = 0,1,2,..., (1.4) 

which guarantees the integrability of the equation under study. We note that in Q, the 
operator IZ is called a weak recursion operator of ( |1.1| ) if it satisfies ( |1.2D using the rule 
D^^D = 1 . In calculating symmetries of an equation with K and recursion operator 
depending explicitly on x and t, we observed that the problem arises when the coefficient 
of in the recursion operators contains functions depending only on x and t (no q and 
its derivatives). As an example, where the function K and the recursion operator depend 
explicitly on x and t but the symmetries can be calculated as usual, we have 

Ut = U3x + ^UUx - ^XUx, (1.5) 
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where the corresponding recursion operator is given by 

n = tD^ + \u + \u^D-\ (1.6) 

6 D 

Keeping the notion of covariance in mind and having the recursion operators found 
from ( [L.2| ) at hand we have to reconsider the action of the operator in the case 

of function space with elements that have exphcit t and x dependencies. In the next sec- 
tion we discuss the principles of covariance by computing the symmetries and recursion 
operator of cKdV from those of KdV using an invertible Lie point transformation. 



2 The link between KdV and cKdV 

It is well known that the KdV and cKdV equations are equivalent since their solutions 
are related by a simple Lie point transformation [12, |l3|. This transformation allows 
also a direct transfer of symmetries in an invariant way. Therefore the invertible point 
transformation, 

r = -2t-^/^ ^ = xt~^/^ v = tu + ]^x, (2.1) 
takes the cKdV equation 

u 

to the KdV equation 

Thus we can derive the symmetries of cKdV from those of KdV using the transformation 
above. The relation between the symmetries of KdV and cKdV, from above transforma- 
tion, is given as 

Sv = tSu. (2.2) 
The first four symmetries of KdV equation, generated by 

are given as follows: 



To = V^, 

10 5 5 



21 7 35 

T3 = V7^ + Y^^C^^4C + -^VV5^ + y 1725^35 

70 35 2 35 , 35 , , 

+ -^^^€^25 + Y^v^vsi^ + -vl + -v\. (2.4) 

We see, from (p.l|), that differential operators are connected = t^^^D^- Now, using ( |2.lD 
and (|2.2D directly or the transformation H] TZcKdV = XvT^KdvXv^ ? where Xv = ^ = 1/i 
we transform the recursion operator of the KdV to the recursion operator of the cKdV 

n = tDl + \tu + \x + hi + 2tu^)D-^ 
o o o 
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and the first four symmetries of cKdV as 



./2 / 5 10 5 2 \ 

V6 3 6 12 y \l2 24 y 



5x^ 
1^^ 



7/2 / ^ 35 2 35 70 35 o 

(73 = t ' liTi, + -UU^x + (UxUix + — tiSa; + — M2zW3z + —UUxU2x + T^^^x 



35 o 

H u Ux 

54 



3 18 3 9 18 

\ ./2 /7 7 35 35 35 35 o 

I + t / I -OTSx + -li4x + —XUU3X + -^XUxU2x + -^UU2x + J^U^ 

^^sV ^3/2 1^35 
108 J \72 



H Xn H U ] + t ' X U^r H XU2x H X UUr H Ur 

36 108 / V 72 18 '''' 72 24 



Here point transformations give the standard (weak) recursion operator and correct sym- 
metries of the cKdV equation. Therefore this point transformation shows that adding 
a correction term to the recursion operators is necessary. It means that under point 
transformations the main property mapping symmetries to symmetries of the recursion 
operators should be kept invariant. This is the covariance. Recursion operators obtained 
from (1^) do not in general obey this covariance principle. Another point is that the 
action of the operator D^^ in r) system (the KdV case) and in (t, x) system (the cKdV 
case) should not be the same. In the following sections we investigate the corrected recur- 
sion operators and the behavior of symmetries and develop a procedure for constructing 
corrected symmetries generated by weak time-dependent recursion operators. 



3 Violation of associativity 

and the correct recursion operators 

The symmetries a & A of the equation ( |l.lD obey the evolution equation (|1.3| ) and the 
recursion operator maps symmetries to symmetries, i.e., TZa = Act. We assume that a weak 
recursion operator satisfying ( |l.2| ) takes the following form TZy^ = Ri + aD^^, where Ri is 
the local part of the recursion operator and a is a function of jet coordinates and x and t. 
This is a specific example, a recursion operator may take more complicated nonlocal terms 
(Example 8). Now we let TZ = TZw + ^H, where H is an operator and the function g is 
chosen so that a/g is a symmetry. Hence the eigenvalue equation becomes 

7^^c^ + -Ha = Xcr. (3.1) 

g 

Taking the time derivative of the eigenvalue equation and paying attention to the order 
of the parenthesis we obtain 

n^tia) + {K'{a)) + {a/g)tHa + {a/g){Ha)t = K' {IZM + {a/g)H{a)). (3.2) 



214 



M Giirses, A Karasu and R Turhan 



Since, in general, TZ^ contains D ^ one should be careful about the parenthesis. For this 
reason we rewrite the above equation as 

a {H{a))t + g[As {TZy^K', a) - As {K' , TZ^, a)] = 0, (3.3) 

where As {P, Q, a) = P(Q{a)) — {PQ){a) for any operators P, Q and for any a ^ A. The 
above equation is the general form of the additional (correction) term. 

For local cases the associators As (A, B, a) vanish identically. To correct the symmetries 
one needs to add only a time-dependent constant, hence the operator H contains a pro- 
jection operator 11 such that IlfT = Lim a = a time-dependent function. Hence ( |3.3D 

x,q,qx, >0 

reduces to 

{Hao)t + g [As {D~\K'^,ao) - As {K'^, D-\ao)] = 0, (3.4) 

where (Tq is the part of the symmetries which depends only on x and t and K'q = Lim K' . 

q,qx, — >0 

Example 1 (Burgers equation), ut = K[u] = U2x + uux, Kq = D^. For the well known 
recursion operator TZ = D + ^ + ^D~^ there is no problem, TZ = TZw But if we choose 
the recursion operator TZ^ = tD + + + ^^{^ + tUx)D~^ , there is a problem in the 
calculation of symmetries. Here a = ^(1 + tUx)- Since a/g is a symmetry, then g must 
take the value g = 1- Let = ai{t) + a2{t)x + as{t)x'^ + • • • then (|3.4|) becomes 



{Hao)t = 02. (3.5) 

Hence 

H = D-^ UD. (3.6) 

Example 2 (cKdV equation), ut = K[u] = Uxxx + uux — ^, = — ^. The 
recursion operator is TZyj = tD^ + |tn + ^x + |(1 -|- 2tUx)D~^. Here a = ^{1 + 2tUx), and 
g = \/t. Using the same ansatz for o"o as in the above example we obtain 

{Hao)t = 2g{t)a3. (3.7) 

This means that 

H = D^^ViUD^. (3.8) 

The results are compatible with symmetry calculations in the following sections and also 
with Q . One might generalize the formula (^^) for more complicated evolution equations 
with Lim K' ^ 0. 



4 Construction of symmetries 

Firstly we look at the action of D^^ on local functions. Let G Ai. Then we take 
D^^Gx = G and let H G Aq. Then we take D~^Hx = H + h{t), where /i is a function of t. 
We start with the following definition. 

Definition 1. Let TZ^, be a recursion operator of the form 



TZw — Ri + Ro, 



(4.1) 
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where Rq = TZw\q^o- Here and in the sequel q ^ means all the derivatives of q also 
go to zero (jet coordinates vanish). Similarly, let (j„ be symmetries of ( |1 . 1| ) , generated by 
the TZw, of the form 

an = Tl + ^n, (4.2) 

where (t° = an\q=o. 

At this point we need the following proposition. 

Proposition 1. Let the function K vanish in the limit when the jet coordinates go to zero, 
i.e. \j\m.K = 0. Then the operator Rq = LimT^.^, satisfies = RoO'n o.nd Rot = [KL Ro] 

q^O q^O 

where is obtained from by K'q = LimET'. 

*0 

We omit the proof because it is straightforward. The difference between the weak 
symmetries (the ones obtained from TZw) and the corrected symmetries comes from gq 
part of the symmetries. For this purpose this proposition will play an important role 
in the calculation of the missing terms in the symmetries. When we find the correction 
term h{t) for ctq the general corrected symmetry a takes the form 

a = a + -h, (4.3) 
9 

where a is the one obtained by the weak recursion operator. The corresponding corrected 
recursion operator takes the form 

n = n^ + -H, (4.4) 

9 

and h = H a. Let us illustrate the procedure of how to construct the symmetries of 
an equation from a time-dependent recursion operator. Firstly we consider the scalar 
evolution equations of the form ut = K[u]. 

Example 3. The Burgers equation 

Ut = U2x+UUx, (4.5) 
possesses a recursion operator of the form 

ny,=tD + ^tu + ^x + ^{l + tUx)D-\ (4.6) 

where 

Ro = tD + ^x + ^D-\ (4.7) 

Let 

cr° = ai+ a2X + a2X^ + a^x^ H , (4.8) 

where are some functions of t. From the linearized equation = '^^n)2x 

ait = 2a3, a2t = 604, 03^ = 12a5, . . . (4.9) 
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and by Proposition 1 we obtain 



tD + ^x + 1^ 0-° = t (aa + 2a3X + Sa^x"^ + ■■■) 
+ \x{ai + a2X + oax^ H ) + 7: ( (iix + \a2x'^ H h h{t) \ , (4.10) 



or 

(tI+1 = {ta2 + ^/i^ + (12ta3 + ai)x + (^a^t + ^03^ x^ + ■ ■ ■ . (4.11) 

Using = '^^(n+i)2x ^'^'^ equating the coefficients at power of x to zero we obtain the 

following system of equations for a, and h 

lA ^ 3 \ 

ta2 + -h] =2 3a4t + -02 , 



2 A V ^ 4 
(2ta3 + al)^ = 6 (405* + ^03 ) , 



(4.12) 



With (^]^) the first equation gives ht = 02 and all the others are satisfied identically. 
Finally we may write h as 

h = {UDal) , (4.13) 

where 11 is the projection operator defined as Jlh{x,t,u,Ux, ■ ■ ■) = h{t,0,0, . . .) for any 
function h. This calculation allows us to write 

^n+i = + ^D^' i^Da'i) , (4.14) 

where o'JJ+i is the standard part of cr^^^ without the constant of integration h{t). This 
means that one should add this constant of integration to in the general symmetry 
equation (4.3), 

(T„+i = an+i + ^(1 + tu,)Dt^ {^Da^n) , (4.15) 

to allow one to generate the whole hierarchy of symmetries. Here is the symme- 

try obtained by standard application of the operator D~^. The corresponding corrected 
recursion operator ( [4. 4] ) for (4.5) is 

7^ = 7^^ + i(l + tn^.)D~inL>. (4.16) 

Example 4. The cylindrical Korteweg-de Vries equation (cKdV). The cKdV equation, 

u 

Ut = U2.X + UUx - — , (4.17) 
possesses a recursion operator of the form 

= tD"^ + ltu + \x + ]:{l + 2tUx)D~\ (4.18) 
3 3d 
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The n-independent part of recm'sion operator is 

Ro = tD'^ + \x + ]:D-^. (4.19) 

Let (T^ = ai + a2X + a^x^ + a^x^ + • • • with = (tJ^3^. — ^o"^. From these we have the 
fohowing relations among the parameters au = 604 — ^2* = 24a5 — «3t = GOag — 
Then 



a. 



n+l 



Roal = {2taz + ^h^ + ^aix + [l2ta^ + ^03^ + • • • . (4.20) 



Using the linearized equation satisfied by cr°^^ we obtain an equation ioi h ht + = 
2a3 which gives h = -^D^^ (^y/tllD'^a^) . Hence the symmetry equation ( [4 .31 ) for cKdV 
equation is 

an+i = ^„+i + ^(2tn, + (^nZ)V0) . (4.21) 

The corresponding corrected recursion operator ( [4.4D for ( [4.17D is 

n = ny, + -{l + 2tu^)-^D-^ViUD^. (4.22) 
6 Vt 

Now we discuss the symmetries of scalar evolution equation of the following form 

ut = F[u]+g{x,t), (4.23) 

where Limi^ = and g{x,t) is an explicit x and t dependent (differentiable) function. 

M— >o 

We assume that the above equation admits a recursion operator of the form ( [4.1D and 
any symmetry of this equation has the form cj„ = (7° + o"^ + fi^, where cr° = (Jn|u=o and 
fj^ = ^ biUi and cr^ is the nonlinear part of the symmetry. Here bi are functions of x and 

i=0 

t and « = 1,2,.... Now we give the following Proposition. 

Proposition 2. The operator Ro, such that cj^+i = Ro'^nj be shown to satisfy Rot + 
T^wtlu^o = [Fq^Ro] f^nd the equation for is 

a'r,t + ^b,g, = Fy^, (4.24) 

i=0 

where Fq = F'\u=o- 

Example 5. Consider the equation ||2^ 

3u 5x 
T~2f 



ut = u^x + Quux - — - TTPl (4-25) 



which possesses a recursion operator of the form 

Tlu, = t^D'^ + U^u + 2xt^ + t^{l + 2tUx)D~^. (4.26) 

Here i?o = t^D'^ + 2xt^ + t^D^^ satisfies the relation Roa^ = By Proposition 2 the 

linearized equation for is 



5xbo 5bi ^crJJ 
~2W ~2fi^ "^"^^ ~ ~' 



(4.27) 
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Now taking 

60 = 6° + blx + ftgx^ + • • • , 61 = 6? + 61X + 6?x^ + • 
where 6*- = we obtain the following equations 



(4.28) 



3ao , 56? 
Clot = 603 — + 



3ai bhl 56j 
ai. = 24a4- — + ^ + ^, 



The next symmetry frJJ^^ can be generated by the operator Rq and satisfies the following 
linearized equation according to Proposition 2 



^0 

^(n+l)t 



bxhn 



5/n 



2t2 2t2 



'^(n+l)3x 



where 



/lo = /i[J + /ijx + hlx^ + 



(4.29) 



(4.30) 



and /i*- = /ij(i) • The relation between the /i* and 6*- is given by ct„+i = TZwCy-n- Now 
using ( [4.29D we obtain the equation satisfied by the constant of integration / 



-2tVt + 4t^a3 - m^f + hhl - lOt^ [hi - hi) = 0, 



where 



hi = 2t^f + 2t^ {hj - hi) + J];(-i)*nD 



i=2 



dui 



Hence the constant of integration / becomes 



A-^(rWa„) + |A-Mrj:nz)- 



i=2 



,dan 
dui 



(4.31) 
(4.32) 

(4.33) 



Therefore the corrected symmetry equation of ( [4.25| ) is of the form 

O-n+l = ^n+l + t^(l + 2t-U^) 



(rWa„) + ^A^M -E(-l)^ni) 
The first four symmetries of ( [4.25 ) are: 



i=2 



dui 



(4.34) 



fjo = + 2t^Ux, 



0"! = 2t^{u^x + Quux) + 6t^{xux + u) + St'^x, 

O2 = 2t^^ {u5x + Wuu^x + 20tixU2x + SOu^Ux) 



15 



+ lOt^* {xu3x + '2u2x + Qxuux + 3u^) + 15t^^ {2xu + x^Ux) + Y*^^^;^, 

(Js = 2t^^ [u-jx + 14^5^. + 'i2UxUix + 70U2xU3s + IQu^U^x + 280uUxU2x 

+ 140tt^tia; + 70Ux) + 14f^'^ (xus^. + 3u4x + 10xuu3^ + 20xu2^n2x + 20uu2x 
+ 15n^ + SOxu^Ux + lOii^) + 35t^^ [x'^u^x + 4xu2x + Qx'^uux + 3ua; + 62;n^) 



+ ^^18 ^2x\x + + 1) + f t'V. 



(4.35) 
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In the previous examples the nonlocal parts of the recursion operators of evolution 
equations are of the form aD^^. But there exist some integrable evolution equations 
admitting recursion operators in which nonlocal parts are of the form aD^^b where a 
and b are in general functions of both jet coordinates and explicitly x and t. In this case, 
we may define the nonlocal part of Rq = T^^l^^o = cLh{t) when 6 ^ as w — > 0. 

Example 6. Consider the following extended potential KdV (pKdV) equation pO[| 

ut = + ul + cqx + ci, (4.36) 
where cq and ci are arbitrary constants. The recursion operator for ( 4.36| ) is given by 

n^ = D^ + ^u^ - ^cot - ^D-\2x- (4.37) 

As we mentioned above, the form of Rq will be 

Ro = D^-^cot-h{t). (4.38) 

We observe that the u-independent part (a^) of one set of symmetries are functions of t. 
Therefore from Proposition 2 the linearized equation for is 

<^nt + bico = 0, (4.39) 
where 6" depends only on t. The next symmetry cr^^^ may be generated by Rq 

= -^(2cot + /i)aO (4.40) 

and satisfies 

<+i)t + &i""% = 0, (4.41) 

where b^~^^ depends only on t. Furthermore the relation between 5" and b^~^^ is given by 
cj„+i = 7^^o-„ as 6^+^ = |(T°-|coi6^. We can find, together with (|T3|), ( CT) and ( ^Hl) , 
an equation for constant of integration h 

htal + CO A" V° = (4.42) 

in terms of which ( [4.40| ) becomes 

a°+i = -^(2cot-coZ)r^)a°. (4.43) 
This leads to the general symmetry equation 

an+i = an+i + ^coA-^ncj°. (4.44) 



The first four symmetries ( 4.36 ) are: 



o-Q = 1, 



2, 

2 

0-3 = ^ (9U5x + SOn^Usa; - 30cotU3x + 15U2a, 

+ lOul - SOcotul + SOclt'^Ux - lOcjjt^) . (4.45) 



220 



M Giirses, A Karasu and R Turhan 



We finally remark that the corrected recursion operator for ( 4.36| ), taking into account 
the symmetry structure of ( 4.3(]| ), may be written as 



7^ = D + -u^ 



4 2 1 2 1 

-cot - -D ^U2x + -coA 'n. 



(4.46) 



In the following section we will consider the time-dependent symmetries of a system of 
evolution equations. 

5 System of evolution equations 

Following the procedure introduced in Section 4, we now discuss the time-dependent sym- 
metries for a system of evolution equations. We present several examples. 



Example 7. Consider the following nonautonomous system of equations |24] 



with recursion operator 



7^„ 



I tD^ + - + -D-^ 
3 6 







v 



2co\/t CoVi , .n2 , ^ , 1 n-i 

uH UrU tD H — U 

3 3 3 6 



(5.1) 



(5.2) 



where cq is an arbitrary constant. In a similar way as for scalar evolution equations we 
may take the form of symmetries and il)^ as 



(T° = ai + a2X + a2X^ + a^x^ H , 

^0 = 6i + b2X + b2X^ + b^x^ H , 



(5.3) 



where Oj and bi are some functions of t. The linearized equations, by Proposition 1, for 
those symmetries, viz. 



a, 







a, 















(5.4) 



t \ ' " / 3x 

with a simple comparison of each power of x, lead to 



ait = 6a4, a2t = 24a5, a^t = 60a6, 
hit = Qhi, 62t = 2465, 63i = 6066, 



(5.5) 



The next symmetry, generated by i?o, is 



a, 



ra+l 
€+1 



Rn 



(5.6) 
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where 



Ro 



tD' + ^ + 
6 b 





tD^ + - + -D 
3 6 



-1 



(5.7) 



is the {u,v) independent part of the recursion operator of 7^^ satisfies the Proposition 1. 
Hence 



= (2a3t + ^hj + Qai + 604*^ x + ^^02 + 12a5t^ + ■ ■ ■ , 
<+i = (2b3t + ^5) + Q^i + 664*^ X + (J^b2 + 1265t) x^ + -- - , (5.8) 

where h{t) and g{t) are the constants of integrations. Using hnearized equations for cr^+i 
and 



€+1 



a, 



n+l 

€+1 



(5.9) 



3x 



together with (^) we find the values of the constants of integrations h and g as h{t) = 203 
and g{t) = 263. Finally we may write 



(5.10) 



where the projection 11 is defined as Ilh{x, t,u,Ux, ■ ■ ■ ,v,Vx, ■ ■ ■) = h{t, 0, 0, . . .) for any 
function h. The general symmetry equations ([4. 3D for {fi-l\) are of the form 



(5.11) 



where an+i and V'n+i are the symmetries obtained by standard application of the opera- 
tor D-^. Let 



(5.12) 



222 



M Giirses, A Karasu and R Turhan 



be the symmetries of (^.ij). Then the first fom' symmetries of (|5.l| ) are: 

o"o = 1, 

V'o = 1 + 2cot^/'^u^, 
1 

2 ' 



^jJl = 2t^/^U3cc + t^^^coixucc +u) + ^x, 



5 2 

= 24^ ' 



1 2 

24"^ ' 



35 35 o 

(T3 = 1 H x"*, 

72 432 ' 



■03 



2cot'^^^U7x + cot^/^ 0a;u5i: + 7u4x^ + 35cot^/^ (^^^^^"^ ~^ ^a;'U2x + J^'^^^ 

+ 35cotV2 (^x^n. + 1.) + |t + ^x3. (5.13) 



Example 8. The system [24] 



, 2co 
= ^^3x H ^'"'"x, 

t-t = t^Sx + (5.14) 

is the nonautonomous Jordan Korteweg-de Vries (JKdV), where cq is an arbitrary con- 
stant. The recursion operator TZ^ for this system is 

Tlw= \ ? 1 5.15 



with 



7^[J = tD^ + + X^"* + I (4co^n^ + l) D-\ 
7^l = ^Vtv + ^iVtv.D-' - '4uD-\D-\ 

o 6 y 

TZ\ = tD'^ + -X+ —Viu + -(2co \/t'Ux + 1)-D"^ + — -uf^-ul?"^. (5.16) 
3 3 6 9 



Again we take the form of symmetries and tp^ as in ( |5.3p with the {u, v) independent 
recursion operator Rq which is the same as in {f>.7\). Performing the same steps as in the 
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previous case, we obtain the general symmetry equations ( [4 .31) for ( |5.14|) to be 

an+l = &n+l + \ {^.CqVIu^ + l) (nL>V°) , 

+ Q (2co\/tn,. + l) + ^cluD-^v^ D^' {UD^^|J^^) . (5.17) 

Now we list only the first two symmetries because higher order ones are too long to write 
down here. 



1 r 



18 



1 r 
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Gcot^^"^ {ux + fx) + 2cluw + 3 , 
108coi^/^(n3x + V3x) + cot^^"^ [l2clhux + 54xux + 54xvx - 12clfu 



fji = — 
12 



+ 12cQun + 2AcqU^w + 5Au + 5Av] + Scot [cowu2x + ^cqUxWx + ScquUx 



+ 5covUx + 4:CQug + Gc^h + GcqPu — Gc^ru + 12cqXuw + 27x] 



(5.18) 



where px = xu, Ux = v? ■, Tx = xv, Wx = u — v, Qx = uh and hx = uw. 

More generally the multicomponent nonautonomous JKdV system [^] is 

qi = ct^x + ^/jk(l'<lx. i,j,k = l,2,...,N, (5.19) 

where 5*^^. are constants, symmetric in the lower indices and satisfy the Jordan identities 



k zpi _|_ k rpi _|_ „fc pi _ ri 
^pr^ Ijk ^ ^jr^ Ipk ^ ^jp Irk ~ 



(5.20) 



with F'^pij = s^jf^sfp — slf^Sjp. This system possesses a recursion operator 

=t6}D'+ '^Vts], q'' + y^x + Q Vts], q'x + ^'^) D~' 



1„. 

— J 

9 



The time-dependent symmetries can be computed as 
where 

The corrected recursion operator ( f4.4[ ) for (5.19) is given by 



(5.21) 

(5.22) 
(5.23) 

(5.24) 
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Example 9. Consider the following system of equations 

vt = t-^'^^vv^, (5.25) 

with recursion operator 

( 'it^l^v + x 3tD^ + 3t^/^v + D-^ \ 



We take the form of and V'n as in (^.3D and from the linearized equations for cj^ and ■0! 







{tun, 

we obtain 

ai = 6bit, 02 = 2465t, as = 60^6^, a4 = 12067^, . . . , (5.28) 



where bi are arbitrary constants. The next symmetries, generated by Rq, are given in ( |5.6D 
where, in this case, Rq has the form 

«o=r^ ^'°^+°"V (5.29) 



.0 X 
They are 

= {2b3t + h) + (ai + bi + 18bit)x + (^a2 + ^62 + 36br,t^ + • • • , 

V'n+i = + 62x2 + 632;^ + • • • , (5.30) 

where h is the constant of integration. Now using linearized equations for (7^_^^-^ and ipn+i 
together with (5.28) we obtain the value of /i = 0. We point out that TZ^i = T^- The first 
three classical symmetries of ( |5.25| ) are: 

ro = , n = Q , r2 = ^ . (5.31) 



Example 10. Consider the following system of equations 

Vt = vvx, (5.32) 



with recursion operator 

7^. = ^ V )■ (^-^^^ 

We take the form of o"^ and as in (|5.3D and from the linearized equations ( ^.27|) for 
and ijj^ we obtain 

ait = 6a4, a2t = 24a5, = eOoe, 044 = 120a7, . . . , (5.34) 
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where bi are arbitrary constants. The next symmetry, generated by Rq, is given in ( |5.6D , 
where, in this case, Rq has the form 

Z)2 + D-i 

«o = 1 

They are 



i?o = ( Q Q ) . (5.35) 



0-°+! = (2a3t + h) + (ai + 6a4t)x + + 1205^ + • • • , 

V'n+i = 0, (5.36) 

where h is the constant of integration. Now using hnearized equations for (7^^-^ and ipn+i 
together with (5.34) we obtain the value of /i = D^^ (UD'^a^). 
Hence the symmetry equations of ( |5.26D take the following form 

an+i = cT„+i + D^^ (HDVO) , 

ipn+i = 'ipn+i- (5.37) 

The first four symmetries of ( |5.32| ) are: 

-(s). -(t). -('^'r^')' <-) 

Example 11. Consider the following system of equations 

Ut = + CqVSx - Co{UxV + CoVVr,), 

vt = UxV + cqvVx (5.39) 

with recursion operator 

/ 3tD^ +X + 2D-1 - ScQtv Co (3tD^ + x + 2D-^ - 3cotv) \ 
^-=[ 3tv 3cotv + x J' (^-^0^ 

where cq is an arbitrary constant. We take the form of and ip^ as in ( |5.3| ) and from the 
linearized equations 

we obtain 

014 = 604 + 60964, = 24a5 + 24C065, 03^ = GOos + GOcofte) (5-42) 

where, in this case, bi are arbitrary constants. The next symmetry, generated by Rq, is 



where 



i?o = ( + ^ + ^0 (^^-^^ + ^ + ^-^~^) ) (5 44) 
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tions for cr^^_^_i and V'n+i together with (5.42) we may determine the value of constant of 
integration as 

h = (ni)VO) + cot (ni)V°) • (5.45) 

Therefore the symmetry equations of ( ^.391) are: 



an+i = an+1 + 2(co + 1) {D;^ (nL>VO) + cot (nZ)Vn)) , 

lpn+1 = -ipn+i- (5.46) 

The first four symmetries of ( ^.39 ) are: 

fjo = 2(co + 1), tpo = 0, 
ui = -6co(co + l)tv + 2(3a;(co + 1) + cq), V'l = 6(co + l)tv, 
£72 = -6cotv{4:x{co + 1) + Co) + 63;(23;(co + 1) + co)), 
ip2 = 6ft(4x(co + 1) + Co), 
0-3 = -12cot2;?;(5x(co + 1) + 2co) + 4(co + 1) (30t + 53;^) + 12cox^ + 120t, 

ips = l2xtv{5x{co + 1) + 2co). (5.47) 



6 Conclusion 

It is weh known that one of the effective ways to find symmetries is to use the recursion ope- 
rator. If the recursion operator or the corresponding evolution equation is time-dependent 
one is faced with some difficulties in finding the correct symmetries. Here, in this work, we 
approach this problem in two ways. Firstly we observed that by the standard application 
of on functions having explicit t and x dependencies the rule of associativity is lost in 
the application of consecutive two operators on such a function space. Due to this fact the 
standard equation for the recursion operators is no longer valid. We modified this equation 
by including the associators. We have given some applications of our formula ( |3.4| ) for the 
modified term of the recursion operators. The second way to calculate the missing parts of 
the symmetries is to use directly the symmetry equation and the correct application of D^^ 
on functions having explicit x and t dependencies. We have given a general treatment and 
several examples. 

Acknowledgements 

This work is partially supported by the Scientific and Technical Research Council of Turkey 
(TUBITAK) and Turkish Academy of Sciences (TUBA). 



References 

[1] Sanders J A and Wang J P, On the Recursion Operators, Physica D149 (2001), 1-10. 

[2] Guthrie G A, Recursion Operators and Nonlocal Symmetries, Proc. R. Soc. Land. A446 
(1994), 107-114. 



Time-Dependent Recursion Operators and Symmetries 



227 



[3] Guthrie G A and Hickman M S, Nonlocal Symmetries of the KdV Equation, J. Math. Phys. 
34, Nr. 1 (1993), 193-205. 

[4] Lou S Y, Abundant Symmetries for the 1 + 1 Dimensional Classical Liouville Field Theory, 
J. Math. Phys. 35, Nr. 5 (1994), 2336-2348. 

[5] Olver P J, Applications of Lie Groups to Differential Equations, Second Edition, Graduate 
Texts in Mathematics, Vol.107, Springer- Verlag, New York, 1993. 

[6] Blaszak M, Multi-Hamiltonian Theory of Dynamical Systems, Springer, Berlin, 1998. 

[7] Sokolov V V, On the Symmetries of Evolution Equations, Russ. Math. Surveys 43, Nr. 5 
(1988), 165-204. 

[8] Khor'kova N G, Conservation Laws and Nonlocal Symmetries, Math. Notes. 44 (1988), 562- 
568. 

[9] Wang J P, Symmetries and Conservation Laws of Evolution Equations, Ph. D. Thesis, Vrije 
Universiteit van Amsterdam, 1998. 

[10] Krasil'shchik I S and Vinogradov A M (eds.). Symmetries and Conservation Laws for Differ- 
ential Equations of Mathematical Physics, American Mathematical Society, Providence, R.I., 
1998. 

[11] Krasil'shchik I S and Kersten P H M, Symmetries and Recursion Operators for Classical and 
Supersymmetric Differential Equations, Kluwer Academic Publ., Dordrecht, The Netherlands, 
2000. 

[12] Fuchssteiner B, Integrable Nonlinear Evolution Equations with Time-Dependent Coefficients, 
J. Math. Phys. 34, Nr. 11 (1993), 5140-5158. 

[13] Bluman G W and Kumei S, Symmetries and Differential Equations, Applied Mathematical 
Sciences, Vol.81, Springer- Verlag, New York, 1989. 

[14] Fokas A S, Symmetries and Integrability Stud. Appl. Math. 77 (1987), 253-299. 

[15] Fuchssteiner B, Mastersymmetries, Higher Order Time-Dependent Symmetries and Con- 
served Densities of Non-Linear Evolution Equations, Prog. Theor. Phys. 70 (1983), 1508- 
1522. 

[16] Leo M, Leo R A, Soliani G, and Tempcsta P, On the Relation Between Lie Symmetries and 
Prolongation Structures of Nonlinear Field Equations, Prog. Theor. Phys. 105 (2001), 77-97. 

[17] Giirses M and Karasu A, Degenerate Svinolupov KdV Systems, Phys. Lett. A214, Nr. 1-2 
(1996), 21-26. 

[18] Olver P J, Sanders J A and Wang J P, Ghost Symmetries, J. Nonlin. Math. Phys. 9, Suppl. 
1, (2002), 164-172 . 

[19] Giirses M and Karasu A, Integrable Coupled KdV Systems, J. Math. Phys. 39, Nr. 4 (1998), 
2103-2111. 

[20] Giirses M and Karasu A, Variable Coefficient Third Order Korteweg-de Vries Type Equations, 
J. Math. Phys. 36, Nr. 7 (1995), 3485-3491. 

[21] Orlov A Yu and Schulman E I, Additional Symmetries for Integrable Equations and Conformal 
Algebra Representation, Lett. Math. Phys. 12, Nr. 3 (1986), 171-179. 



228 



M Giirses, A Karasu and R Turhan 



[22] Sergyeyev A, On Recursion Operators and Nonlocal Symmetries of Evolution Equations, 
Proceedings of the Seminar on Differential Geometry (Opava, 2000), Krupka D Ed, Mathe- 
matical Publications, Vol. 2, Silesian University in Opava, Opava, 2000, 159-173. [Preprint 
arXiv:nlin.SI/00120Tll] 

[23] Ma W X, BuUough R K, Caudrey P J and Fushchych W I, Time-Dependent Symmetries 
of Variable-Coefficient Evolution Equations and Graded Lie Algebras, J. Phys. A30 (1997), 



[24] Giirses M, Karasu A and Turhan R, Non- Autonomous Svinolupov- Jordan KdV Systems, 
J. Phys. A34 (2001), 5705-5711. 

[25] Chou T, Symmetries and a Hierarchy of the General KdV Equation, J. Phys. A20 (1987), 



5141-5149. 



359-366. 



